Abstract. We apply the endoscopic classification of automorphic forms on U (3) to prove a case of a conjecture of Sarnak and Xue on cohomology growth.
Introduction
Let U(p, q; R) denote the real unitary group of signature (p, q), and define H C to be the globally symmetric space U(2, 1; R)/(U(2; R)×U(1; R)). Let Γ ⊂ U(2, 1; R) be an arithmetic congruence lattice arising from a Hermitian form in three variables with respect to a CM extension E/F . If O is the ring of integers of F and n ⊆ O is an ideal, we may define principal congruence subgroups Γ(n) ⊆ Γ, and let Y (n) be the arithmetic locally symmetric space Γ(n)\H C . We give the precise definition of these objects, and the statement of Theorem 1 below, in Section 2.3. Let V (n) = |Γ : Γ(n)|, which is asymptotically equal to the volume of Y (n). We let H 1 (2) (Y (n), C) be the space of square integrable harmonic 1-forms on Y (n), and let β 1 (2) (Y (n)) be its dimension. When Γ is cocompact, Sarnak and Xue [13] have made a general conjecture on the asymptotic multiplicities of automorphic forms which implies that β 1 (2) (Y (n)) ≪ ǫ V (n) 1/2+ǫ , and in the case of U(2, 1; R) they are able to prove the weaker bound β 1 (2) (Y (n)) ≪ ǫ V (n) 7/12+ǫ . This paper settles their conjecture in this case, by proving the following upper bound on β 1 (2) (Y (n)).
3/8 , and there exists Γ such that β
The proof of Theorem 1 relies on the endoscopic classification of automorphic representations on U(3) by Rogawski 1 , combined with a slight generalisation of the fundamental lemma for the pair (U(3), U(2) × U(1)). The essential idea is that the automorphic forms contributing to H 1 (2) (Y (n), C) in Matsushima's formula are nontempered, and Rogawski shows that they are all transfers of one dimensional representations on the endoscopic group U(2)×U(1) of U(3). Our work lies in making this result quantitative. Note that Rogawski also proves that β 1 (2) (Y (n)) = 0 if Y (n) arises from a nine-dimensional division algebra with involution over E, and when combined with Theorem 1 this provides an understanding of the growth of β 1 (2) for all arithmetic congruence lattices in U(2, 1; R). We remark that if n = ap k with a and p fixed, p prime, and k growing, Theorem 1 could probably be derived by combining the results of Gelbart, Rogawski, and Soudry [7] , which describe endoscopic L-packets in terms of the theta lift from U(2) to U(3), with the main theorem of [4] .
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2. Notation 2.1. Number fields. Let E/F be a CM extension of number fields, with O E and O = O F their rings of integers and A E and A = A F their rings of adeles. We denote the maximal compact subrings of the finite adeles A E,f and A f by O E and O. Let N be the norm map from E to F , A 1 E the group of norm 1 ideles of E, and
We shall denote places of E and F by w and v respectively, with corresponding completions E w and F v , and define
Fix a character µ of A E /E × whose restriction to A/F × is the character associated to E/F by class field theory. Let S f be a set of finite places of F containing all places at which E/F is ramified, all places below those at which µ is ramified, all v|2, and at least one place that is nonsplit in E. Let S ∞ be the set of infinite places of F , and let S = S ∞ ∪ S f .
2.2.
Unitary groups. Let Φ n = (Φ ij ), where Φ ij = (−1) i−1 δ i,n+1−j and δ a,b is the Kronecker delta. If x ∈ E satisfies tr E/F (x) = 0, then Φ n is a Hermitian form with respect to E/F if n is odd, and xΦ n is Hermitian if n is even. We let U(n) be the unitary group of this Hermitian form, so that
For any ideal n ⊆ O, we define the compact subgroup U(n, n) ⊂ U(n)(A f ) by
. Choose a place v 0 ∈ S ∞ . Let Φ be a Hermitian form on E 3 with respect to E/F that is indefinite at v 0 and definite at all other real places of F , and let G be the unitary group of Φ. It is known that the isomorphism class of G over F depends only on the extension E/F and the place v 0 , see for instance Section 1.2 of [10] ; in particular, G is quasi-split iff F = Q.
If v is a finite place of F that splits in E, then there are isomorphisms from G v and G * v to GL 3 (F v ) that are canonical up to inner automorphism. If v is finite and nonsplit in E/F , it follows from a theorem of Landherr [9] that there is a unique Hermitian form on E 3 v with respect to E v /F v , and this gives an isomorphism from
It is a finite union of finite volume quotients of the globally symmetric space H C , and it is compact iff F = Q. If we fix a translation-invariant volume form on H C and let Vol(Y (n)) be the volume of Y (n) with respect to this form then we have Vol(Y (n)) = c(n)V (n), where
and | log c(n)| is bounded in terms of our choice of K v for v ∈ S f . Note that the formulas for the orders of GL 3 and U(3) over a finite field (see [1] ) imply that Nn 8 ≪ V (n) ≪ Nn 8 . With this notation, the precise statement of Theorem 1 is that β
3/8 , and
2.4. Endoscopic groups. Let H ≃ U(2) × U(1) be the unique elliptic endoscopic group of G * , which we consider to be embedded in G * as
We let det 0 : H → U(1) and λ : H → U(1) be the maps given by the determinant on the U(2) factor and projection onto the U(1) factor. We fix an embedding of L-groups L H → L G * associated to the character µ as in [11] , Section 4.8.1. The centers of G and G * will both be denoted by Z ≃ U(1), and we consider Z to be a subgroup of H in the natural way. As Z(F )\Z(A) ≃ I 1 E , µ gives a character of Z(F )\Z(A) by restriction, which will also be denoted µ. We shall denote the restriction of µ to E w by µ w , and its restriction to Z v by µ v . For any place v and a character ω of E 1 v ≃ Z v , we define C(G v , ω) to be the space of smooth complex-valued functions f on G v such that f is compactly supported modulo Z v , f (zg) = ω(z) −1 f (g), and if v is infinite then f is K v -finite. If ω is a character of I 1 E , we define C(G, ω) to be the analogous space in the global case. The spaces C(G * , ω) and C(H, ω) are defined similarly.
If π is an admissible representation of G v with central character ω, and f ∈ C(G v , ω), we define π(f ) to be
2.6. Automorphic forms. If ω is a unitary character of Z(F )\Z(A) ≃ I 1 E , we let L 2 (G, ω) be the space of square integrable complex functions φ on G(F )\G(A) that satisfy φ(zg) = ω(z)φ(g). We let L 2 d (G, ω) be the subspace that decomposes discretely under the action of G(A). We define L 2 d (H, ω) similarly, recording only the action of the subgroup Z of Z(H). We denote the set of discrete L-packets on G and H by Π(G) and Π(H); see [11] , Section 12 and 13.3, for the definition and description of these sets.
The packets Π(ξ)
In [11] , Sections 13 and 14, Rogawski defines an L-packet Π(ξ) ∈ Π(G) for every one dimensional representation ξ ∈ L 2 d (H, ω) satisfying certain conditions. In this section we recall the definition and important properties of these packets.
3.1. Split finite places. Let v be a finite place that splits in E/F , so that E v = E w ⊕ E w ′ . We identify E w with E w ′ . We have
2 . Let ξ be a unitary character of H v ≃ GL 2 (E w ) × GL 1 (E w ), and let ω denote its restriction to Z v . If P is the standard parabolic subgroup of G v with Levi H v , the local packet Π v (ξ) is the unitarily induced representation I(ξ ⊗ det 0 •µ w ) from P to G v ( [6] , Proposition 4, p. 279). It has central character ω ⊗ µ v , and we shall denote it by π n (ξ). For any one-dimensional representation ξ of H v 0 , the local packet
Nonsplit finite places. If v is a finite place that does not split in E/
In the remaining two cases, we have
We will denote the nontempered member of Π(ξ) by π n (ξ), and the tempered member by π s (ξ).
At the remaining places, we have G v = U(3; R). The packet Π v (ξ) is only defined for ξ of the form (det 0 ) p−tv λ q with p − q ≥ 1 or q − p ≥ 2, and when it is, it consists of one irreducible representation of G v which we denote π s (ξ). Π v (ξ) is the trivial representation exactly when ξ is either (det 0 ) 
± must lie in a packet Π(ξ) for some ξ ( [11] , Theorem 13.3.6). If π = ⊗ v π v ∈ Π(ξ), define n(π) to be the number of places at which π v = π s (ξ v ). It is known (see [12] and [6] , p. 218) that there is a global factor ε(ξ, µ) = ±1 such that
n(π) ).
In particular, m(π) is either 0 or 1.
3.5. Transfers and character identities. Suppose that v is finite and f ∈ C(G v , ω). There exists a function f H ∈ C(H, ωµ
, called a transfer of f , such that the unstable orbital integrals of f match the stable integrals of f H ; see [11] , Section 4.9 for details. Note that we define this transfer in the non-quasi-split case by applying our identification 
4. Proof of Theorem 1 4.1. The upper bound. We modify our notation sightly, and now define J ± to be the representation of G ∞ = ⊗ v|∞ G v that is equal to J ± at G v 0 and trivial at all other places. We also define Ξ ∞ to be the set of characters of H ∞ that are equal to either (det 0 ) −tv−1 λ 1 or (det 0 ) −tv λ −1 at each place v. By Matsushima's formula, we have
The results of Section 3 allow us to rewrite this as
be the characteristic function of Z(A f )K f (n). We have
where V (n) is as in (1) and c depends only on our choice of K v for v ∈ S f , and so applying the upper bound m(π) ≤ 1 gives
tr(π f (1 K(n) )).
We now transfer 1 K(n) to a function 1 (4) tr(π n (ξ v )(1 Kv(n) )) = tr(ξ v (1 T Kv(n) )) may be directly verified. When v is inert, the character identity (5) tr(π n (ξ v )(1 Kv(n) )) + tr(π s (ξ v )(1 Kv(n) )) = tr(ξ v (1 T Kv(n) )) follows from (2) and the following proposition.
